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ADVANCE RESTRICTED REPORT

AN EMPIRICAL FORMULA FOR THE CRITICAL SHEAR
STRESS OF CURVED SHEETS
By Paul Kuhn and L, Ross ILevin

SUMMARY

Tests were made to determine the critical shear
atress of curved sheets. The emplrical formula derived
from these tests 1s applicable to panels with a ratio
of radius to thickness of 300 or greater, a central
angle of 1 radlan or less, and a ratio of arc length
to axlal length not greater than 1. In some panels
with faulty workmanshlp the critical shear stresses
were found to be much lower than predicted by the
formula, The critical shear stress decreased with
repeated loading, but no general laws were found for
determining the amount of decrease.

INTRODUC TION

A knmowledge of the buckling stress of curved
sheet under shear 1s of considerable importance in
alrcraft structural design. For complete circular
cylinders, the problem has been attacked theoretically
and experlimentally by a number of authors. For a panel
that constltutes only a part of the circumference, the
published theory appears to be limited to papers by
Leggett (reference 1) and by Kromm (reference 2), which
glve approximate solutlons for a panel very long 1in the
axlal direction. Previous to the pnublication of refer-
ences 1 end 2, Wagner had proposed a formula (refer-
ence 3) in which the buckling stress appears as the sum
of a term expressing the effect of curvature and a
term expressing the buckling strength of a flat plate.
This formula was modified slightly In reference by




2 NACA ARR No. L5A05

adulng a term correcting the flat-plate term for finlte
aspect ratio. An enalyslis of miscellaneous published
and unpubllshed test data to determine the coefficlent
for the curvature term was also given in reference l.
The test data showed a large amount of scatter for
reasons that could not be determined from the published
evidence, The present paper glves the results of a
systematic serles of tests undertaken to obtain a

more reliable formula than heretofore available.

SYMBOLS

length of panel in axial directlon, inches

b length of panel in circumferential direction,
inches

B Young'!s modulus of elasticlty, psi

Kl coerficient of curvature term 1n proposed formula

for critlcal shear stress

coerfleciert of flat-plate term in proposed
Formiia for critlcal shear stress

5

R radius of curvature of nlate, inches
Pop critical buckling load, pounds

t thickness of vnlate, inch

Top critical shear stress, psi

Tcrl critical shear stress for first loadlng, psl

Tcrn critical shear stress for nth loading, psil
TEST SPECIMENS AND APPARATUS

The test panels were made of 2,,S-T aluminum alloy.
Two identlcal panels formed opposite sldes of a torsion
box (flg. 1). Pure shear was produced 1n the panels by
subjecting the box to torsion in the setup shown in
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figure 2. The box rotated about knlfe-edge supports
attached to-the end-bulkheada.;..the.llne. of support
was the center line of the box. '

It 18 very difficult to realize 1in practice a
simple edge support or a clamped edge support. Only
the edge conditionsnormally exlsting in actual structures
wilth stiffeners riveted to the edges of the sheet, and
not the theoretical edge conditions, were reproduced 1in
the tests, The longitudlnal stiffeners were steel
angles riveted to the outside of the sheet a short
distance from the edges of the box (flg. 1). The
transverse stiffeners were the flanged edges of the
bulkheads, The test section propor of the »nanel lay
between the longltudinal steel angles and bulkheads B
and E. The panel ends between bulkheads A and B, or
between E and F,served as cushlon bays to smooth out
Irregularitlies of stress dlstribution caused by the
nearness of the loaded end bulkheads, In a simlilar
manner, the strips of sheet lylng between the steel
angles and the adjacent edges of the box helwed to
1soclate the test sectlion from possible dlsturbing
effects of the edges.

The thlckmesses, radil of curvature, and aspect
ratios a/b of the curved test panels are given in
table I, In addition, flat panels of 0.0LO-inch
thlickness and aspect ratios of 1 and 3 were built.
Aspvect ratios of 1 (square panels) wers cbtalned by
riveting the panels to sach hulkhead; aspect ratios
of 3 were obtalned by riveting the pansls only to
bulkheads A, B, E, and . The panels with an aspect
ratio of 3 were actually resting on the Intermedlate
bulkheads, but thase bulkheads were telleved to exert
only a negligible Influence on the buckling stress.

The curvature of each pansel was. checked by means
of a dlal gage indilcating to 0,000l inch the rise between
two points l} inches apart. A strailghtedge was used to
check for sagglng between bulkheads, and a careful
visual check was made for surface lrregularities such
a8 dimples around rivets or flat spots near the longl-
tudinel stliffeners. These checks indicated -that
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some panels had very serious lmperfections. These
panels with faulty workmanshlp were testvd, but the
results were not considered In establishing the formula
for critlcal shear 3atress, In order to ensure the same
curvature at all points, the panels had to be preformed
accurately before they were riveted to the side walls
of the box,

TEST PROCEDURE

Each accepted test box comprlised elther two
1dentical test panels with an aspect ratio of 3, or
silx 1dentical panels wlth an aspect ratlio of 1.
Tuckerman straln gages of 2-inch gage length were placed
In the centers of all panels of each box at right angles
to the expected direction of the buckle. The box was
then loaded in small Increments to a load somewhat
beyond that necessary to produce buckling of the sheet.
The strains read were plotted agalnst load and the
point at which the strain-load plot departed from the
initial straight line was taken as indlcating the
buckling load. The torque corresponding to the buckling
loads was then used to compute thes critical shear stress
for the sheet. Two typlcal plots for this method of
determining the buckling load are shown 1in flgure 3,
On one panel with the lowest radius-thickness ratio
tested (specimen 12-1-4,0, table 1), buckling occurred
with a snap-dliaphragm action; the stress at which this
action occurr2ad was taken to be the buckling stress.
The longitudinal angles remalned stralght after buckling
occurred and were therefore assumed to be adequate as
far as buckling resistance was concerned.

In order to obtain some information on the effect
of repeated loading, a number of boxes were loaded 50 to
60 times. Buckling stresses were determined on the
first, second, and third loadings and thereafter at
intervals of 10 loadings.

RESULTS AND DISCUSSION

Derivatlon of formula for critical shear stress,.,-
The formula for critical shear stress proposed by
Wagner as modified in reference l is
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Ter = K1E§ + KQE(%)a[l + o..B(E-)Z] (1)

Rl EISL PR = . -

The first term in this equatlon expresses the effect of
curvature; the second term expresses the buckling
strength of a flat plate. Theoretical solutlons for
the flat plate have been obtalned for plates of wvarlous
aspect ratios (references 5 and 6). The second term of
equation (1) represents an attempt to combine the
rosults of all these theoretical calculatlions into a
single simple expression., If Polsson's ratlio 1s taken
as 0,316 for aluminum alloy, the theoretical value of
the constant Ky 1s ;.89 for simply supported edges

and 8.20 for clamped edges.

The critical shear stresses for the test panels
having zero curvature and aspsct ratios of 1 and 3
corresponded to values of K> of 6.79 and 5.96,
respectively, which are averages of all the indlvidusl
panels in each test box. These values are reasonably
consistent with each other and fall about halfway
between the theoretical values for simply supported and
for clampmed edges. These results avppear plausible for
riveted edges and are in llne with the well-establlished
fact that the experimental buckling stress of flat
plates under shear 1s In good agreement wlth the theory
if the tests are carefully made. The results of the
flat-plate tests may, therefore, be considered as
Justifylng the straln-gage method of determining the
buckling stress as well as establlshing the coeffl-
clent Kp for the riveted-edge condition.

The test results for the curved plates were
evaluated with the aild of formula (1). For simnlicity,
the experimental values of the coefflclent Ko obtalned
from the flat plates of aspect ratlos 1 and 3 were
averaged, although the individual values might have
been used with a negligible change in the final formula,
With the average coefficient KXo = 6.38, the flat-
plate term of equation (1) was calculated for each
speclilmen and subtracted from the experimental critical
stress T,, to obtaln the curvature term in equation (1).
The values of K3 calculated from the curvature terms
are plotted in figure l. against the radlus-thickness
ratlo. The points are for those specimens that were
considered to be of good workmanship. In splte of thils fact
and the fact that each point represents elther an average of
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six panels when the aspect ratlio 1s 1 or an average of
two panels when the aspect ratlo 1s 3, the polnts
scatter consliderably. Within the accuracy defined by
ths width of the scatter bangd, however,Rthe coeffl-
cient K; 1s independent of R/% for = > 600;

for % < 600, the coefficlent By increases rapldly

as R/t decreases.

In the reglon where ¥X; 18 reasonably constant,
the numerical value 1s about 0.115, or slightly higher
than the tentatlive value of 0.1 given in reference l.
Within the range and the accuracy cf these tests,

K1 apprears to be independent of the &spect ratlio of
the plate., In analytlcel form, the value of Kj; may

be glven as
Ky = 0.1]1.15 + hS(—l-%%)h (2)

This formula should not be extrapolated to values of

% < 300, because the curve 1s extremely steep 1n this

region, For % > 3C0, the buckling stress of a curved-
sheet panel thet 1s bounded by riveted-on stiffeners
may therefore be expressed “y

0.133 [1.15 + MSGC“ + G-LFE(%)E[l * 0'8‘(%)2_]‘3)

> 600, equation (3) reduces to

Tor = 0.11582 + 6.1;13(%)2[1 + 0.8(5)2:[ (4)

to a degree of accuracy aprvreclably better than

that of the test results. Because these formulas are
emnirical, they should be anplied only to panels having
dimensions falling within tha test range, that 1s, to
panels having an arc length no greater than the axlal
length and a central angle less than 1 radlan,

Ter

R
For I
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Discussion of formula.- A comparlison of the
calculated critlcal stresses based on formula (3)

“with the“average experimental stresses (table 1)

shows that the error ranges from about -9 percent to
about 15 percent. - An 1dea of the scatter among
identical panels may be obtained from figure 5, which
shows the average coefficlent for each test box as

well as the maximum and minimum values obtalned for

any one individual panel. Thias scatter 1s caused partly
by uncontrollable differences in the panels, partly

by the uncertainty in the determination of the buckling
stresses,

The effect of poor workmanship on the panels 1s
shown graphically by figure 6, which is identical with
figure Iy except that the test points for specimens
with faulty workmanshlp have been added. For two
specimens having radlius-thickness ratios larger than
1000, the effect of faulty workmanship was sufflclent
nearly to elimlinate the strengthening effect of curvature.
Other panels with radius-thickness ratios larger and
smaller than 1000 showed that the buckling stress as
predicted by formula (3) may be materially decreased by
faulty workmanshlip.

A comparison of the experimsntal results with
Kromm's formula of reference 2

Ter = L.67%¢ J__ (5)

1s shown in figure 7 Thils formula 1s applicable to
b
infinitely long panels for which ?/E >h.3. It is

obvious from the figure that EKromm's formula 1s very
conservative even for the panels with an aspect ratlo
of 3, which may be considered as panels of infinlte
length.

No comparison was made with Leggett's formula
(reference 1) because the proportions of the test
panels of the present investigatlion were outslde the
range for which results are given 1in reference 1.

Reference 7 glves test results obtained on a
series of complete cylinders subdivided iInto panels
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by rings and longltudinal stiffeners. The buckling
stresses were determined from torque-twist plots and
from observations of sudden changes in load whilile the
cylinders were belng twisted, Table 2 shows that the
observed buckling stresses taken from reference 7 exceed
those nredicted by formula (3) by amounts varying

from 8 to 5l percent, with an average difference of

31 percent,

Reference 8 describes tests of curved-web beams.
In ths course of these tests, the crltical shear stresses
of Individual panels were determined by visual observa-
tion, Comparison of the stresses given In table 3
shows that the experimental stresses exceed those
predicted by formule (3) by amounis ranging from 5 to
79 percent, with an average difference of 37 percent.
The exverimental stresses given in table 3 are not
taken directly from reference 8 but are the averages
for the pansls adjacent to the neutral axis of each
beam; the other panels were excluded from the average
because thelr criticael stresses were changed by the
presence of tension or compression stresses.

The. methodsa of determining critical stresses used
in referencas 7 and 8 are probably less: sen- .
sitlve than -the methods of the »nresent investigatlon.
This difference may be responsible for the fact that
the experimental buckling stresses of references 7T
- and 8 average higher than those of the present
Investlgation.

Effect of reveated loading.~ The effect of repeated
loading on the buckling stresses is shown by tha curves
of figure 8. The first few loadings decreased the
"buckling stress appreclably; addltlonal loadings
generally caused a small but continued decrease,
although some curves appear to level off. No permanent
.80t-was notieed visually excevt in one panel having

% = 300, 'but presumably ylelding had taken place in

" localized regions In the other panels even though the
average shear stress for all panels was below the
proportlional limit. No general laws relating
quantltatively the effect of repsated loading to the
propertles of the sveclimen were found - posslbly because
there was not sufficlently close control over such
factors .as quallity of workmanshlp, initial tenslion in the
-sheet, .and the amount by which the buckling load was
exceeded,
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CONCLUSIONS

, Tests to determine the critical shear stress of
curved sheets indicated that:

1. The buckling streass of a curved-sheet panel that

1s bounded by riveted-on stiffeners may be expressed,

1f % > 300, by the formula’

ep = 0.1EZ[1.15 + L;5C—°R9-‘i) + 6.&E(§)2[1 * 0.8(2)2]

R
or, 1f T > 600, by

t t\2 b \2
Tep = 0.115E¢ + 6.1;}3(3) [1 + 0.8(-;)]

provided the arc length 1s not greater than the axlal
length and the central angle defining the arc length
1s less than 1 radian. In these formulas

-
1

Ter critical shear stress, psl

E Young's modulus of elasticity, psi

t thickness of plate, 1nch

R radlus cf curvature of plate, inches

b length of panel in circumferential direction,
inches .

a length of panel In axlal dlrection, inches

2. The buckling stress of a curved panel as
predicted by the foregolng formulas may be materially
decreased by faulty workmanship.
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3. Repeated loading mopreciably decreased the
critical stress for the flrst few loads; additional
loadings generally caused a small but continued
decrease, -

Langley Memorial Aeronautical Laboratory
Natlonal Advisory Committee for Aeronautics
Langley Fleld, Va.
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TABLE 1
DIMENSIONS OF SP:CIMENS AND CRITICAL SHEAR STRESSES
Tcr
PO o] £ | 3 pe) . o gal
a in.) {{in. t b Calculated Exp. = Calc.
(formula (3)) Experimental Calc..
(percent)
12-1-40 |0.0403{11.93| 297 |1.00 558 br900 5,
12-3-40 | .0415 12.21 304 |3.01 03 Zzso -g.ga
2%—34;0 .0403(2L..071 597 13.C0 29440 50135 5.5 |
36=-1=440 .039 3%.5 71 [1.00 2738 2830 3.2
6~3-0 .0390136.41 | 933 |2.99 2035 1915 -3.6
8-1-10 .0393 |IJ; .25 |1125 [1.00 2380 2185 -8.1°
}8-3-)0 .0392{,5.32 |1155 [2.98 1827 18,0 .8
12-1-32 .0321]12.01} 371 {1.00 11300 10 1.6 !
12-3-32 .0321[12,08| 376 |2.99 uaaz ZZ%O 1.3
12-1-20 .0209|11.21{ 537 |1.00 275 25 g -6.2
12-3-20 .0207(11.911 575 [2.99 2,06 223 -6.8
2}4-1-20 .0206 [22.52 11092 {1.00 172 1605 9.0
-3-20 .0203 (23,25 |1 g 3,00 1azu 1366 z.z
36=1=20 .02071%1.41 {1518 (1,01 1162 1092 -6.2
aé-a-zo .0207 gg.a9 1622 12.96 67 109 13.7
8-3-20 .0207{42.49 |2050 |2.99 13 87 7.5

8pirst number 1s the nominal radius, the second number is the nominal aspect
ratio, and the third number 1s the nomlnal sheet thickness in
thousandths of an inch,

Stress at which snap-dlaphragm actlion occurred.

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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TABLE 2

DIMENSIONS OF SPECIMENS AND CRITICAL SHEAR STRESSES
From tests of reference T

T

cer Error
Specimen t R R a (psi) Exp. - Calc.

(in.)Nin.) | % b Calculated Exparimental Calc. -

(formula (3)){(reference 7)| (percent)

19 0.020 [15.04 {753 (1.1L 1951 . 2110 8

20 .020 |15.04 | 753 ]2.29 2569 2870 12

15 .0195 [15.0L | 772 |1.49 2638 3370 - 28
15 .0195 {15.04 | 772]1.53 2626 3590 L2
21 .0205 [15.04 {734 [1.53 2821 120 L
21 .0205 [15.04 |73k |1.14 5053 ko 54

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

GOVGTI "ON UHV VOVN

et -




TABLE 3
DIMENSIONS OF SPEC IMENS AND CRITICAL SHEAR STRESSES
[From tests of reference 8]

" (.Tci‘) Error !
R R a ps :
1 =1 & Exp. - Calc.
Specimen | (tn.)|(1na)| % b Calculated Experimental pCalc.aa! :
(formula (3))|(reforence 8) (percenﬁ)
2 0.0145(15.04} 1035 [1,05 1616 2260 39
3 .0143]15.04] 1043 |1.05 1534 2830 79
L .038515.04f 390[1.05 6770 8570 27
5 L0394 |15.0| 381}1.05 7090 8690 23
6 L0154 [15.04| 975{1.91 1555 2160 38
7 .0395 [15.04] 38011.05 7100 450 5
8 .0150{15.04{1000{1.91 1519 2120 10
10 L0154 {15.0] 975]1.91 1565 22,0 43

NATIONAL ADVISORY
COXMITTEE FOR AERONAUTICS

GOVGT *ON ¥YV VOVN

€T



Qe
3 boys o, :
W,
/0/79; befwe’en Bang r
v by

+++++++++++thvazmn$yJ:
o ) f’-ga /0 6 .
d /,2

A R R e X
+%++H++Hw+++
vy J
>~

THHF kb
¥ 4

",

~,

-

il
+ 4+ +
LR

LRI AR
A
oK, =
3 -~
d
¢

tt At bttt b+ F 4
R A i o 2

* o
+ 4

°N uyy Yovy

r 'Brd



NACA ARR No.

L5A0S

Figure 2.~ Setup for torsion tests.
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